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A code is a code is a code

A codeword is a codeword is a codeword
We will need to see codewords as “oracles” a.k.a. functions

Definition
A code C over the alphabet Fq over domain D is a subset C ⊂ FD

q

Thus a codeword c is a function
c : D → Fq

x 7→ c(x)

▶ write c(i) instead of ci
▶ RS code with support (x1, . . . , xn): write c(xi ) instead of ci
▶ Reed-Muller code: write c(P) instead of ci

(where i = i(P) would be given by some indexing map of Fm
q )

But we may still use at some occasion the index notation

ci , cxi , cP
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PCP: probabilistically checkable proof

NP class

NP
A language L is in NP if there exists a polynomial time deterministic algorithm V s.t.

1. (Completeness) for every instance x ∈ L there exists w such that V(x ,w) = 1

2. (Soundness) for every instance x /∈ L, for every w , V(x ,w) = 0

▶ the language of non prime numbers N. The witness of “N is non prime” is w = (P,Q)
such that N = PQ

▶ the langage of valid transactions with respect to the current state of a blockchain
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PCP: probabilistically checkable proof

Probabilistically checkable proofs
Vπ notation for V with “oracle access” to π

PCP(r(n), q(n)) verifier

A PCP(r(n), q(n)) verifier for a language L is PPT oracle-machine V(·)(·) s.t.
1. (Completeness) For every x ∈ L, there exists a proof π s.t. P [Vπ(x) = 1] = 1

2. (Soundness) For every x /∈ L and every proof π, P [Vπ(x) = 1] ≤ 1
2

3. (Efficiency) On input x and oracle access to π, V uses
▶ r(n) random bits
▶ q(n) queries of 1-bit entries

4. Nota bene n = |x |
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PCP: probabilistically checkable proof

PCP class

PCP class
A langage L is in PCP(r(n), q(n)) if it admits a PCP(O(q(n)),O(r(n))) verifier

PCP Theorem

NP = PCP(1, log n)

(Arora-Safra 92, Arora-Lund-Motwani-Sudan-Szegedy 1998)

Workflow
Witness w =⇒ algebraic arithmetization =⇒ Encoding π of witness w =⇒ Test π
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Constant bit verifier, poly(n) randomness

CKT-SAT
An algebraic circuit C is a directed acyclic graph with fan-in 2
Some nodes are input nodes
Other nodes are internal nodes, marked with + and ×
One node is the output node
The size n = |C | of a circuit is the number of nodes
An assignment w is a map w : {input nodes} → F2

C (w) is the value of the output node on the assignment w
If C (w) = 1 then w is a satisying assignment

CKT-SAT
▶ Input: an algebraic circuit C

▶ Question: does C has a satisfying assignement

Proposition

CKT-SAT is NP-complete
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Constant bit verifier, poly(n) randomness

Simplex (Walsh-Hadamard) code

Hm : Fm
2 → F2m

2

w ∈ Fm
2 7→ Hm(w) = (⟨w , x⟩)x∈Fm

2

▶ The image of Hm is the Walsh-Hadamard code

[2m,m, 2m−1]2 code

Lin-testcm

Oracle c ∈ F2m
2

1. Pick random x , y ∈R Fm
2

2. Query c at x , y , x + y

3. Receive c(x), c(y), c(x + y)

4. Output c(x + y)
?
= c(x) + c(y)
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Constant bit verifier, poly(n) randomness

Blum Luby Rubinfeld lineary test
▶ randomness 2m
▶ query 3
▶ circuit size 3
▶ answer size 1

Theorem

1. If c ∈ Hm then Test-linc
m accepts with probability 1

2. If ∆(c ,Hm) > 2δ then
P(Lin-testcm accepts) < 1− δ

Contrapositive

If
P(Lin-testcm accepts) ≥ 1− δ

then ∆(c ,Hm) ≤ 2δ
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Constant bit verifier, poly(n) randomness

“Self correction”

Self-corrcm(x)

Input x ∈ Fm
2

Oracle c ∈ F2m
2

1. y ∈R Fm
2

2. Output c(x + y)− c(y)

Theorem

1. If c ∈ Hm then Self-corrcm(x) output c(x) with probability 1

2. If ∆(c , g) ≤ δ with g ∈ Hm ⊂ F2m
2

P(Self-corrcm(x) = g(x)) ≥ 1− 2δ
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Constant bit verifier, poly(n) randomness

“Quadratic encoding”

Hm×m : Fm
2 → F2m×m

2

w ∈ Fm
2 7→ ⟨w ⊗ w ,q⟩q∈Fm

2 ×Fm
2

Explicitely, with

w = (w1, . . . ,wm)

q = (q ij)(i ,j)∈[m]×[m]

Then

Hm×m(w)(q) =
m∑
i=1

m∑
j=1

q ijw iw j
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Constant bit verifier, poly(n) randomness

Coding the witness and the values of the gates

▶ C has km inputs witness w is written w1, . . . ,wk with w i ∈ Fm
2

▶ Let zw ∈ Fn
2 the values of all the gates on input w

Verifier V O1,...,Ok ,π1,π2
2 (C )

Input
C has size n
C has km inputs

Oracles
O1, . . . ,Ok : Fm

2 → F2 (input oracles Oi = Hm(w i ) ∈ F2m
2 )

π1 : Fn
2 → F2 (auxiliary oracle π1 = Hn(zw ) ∈ F2n

2 )

π2 : Fn×n
2 → F2 (auxiliary oracle π2 = Hn×n(zw ) ∈ F2n×n

2 )

Nota bene: V2 will not read the witness entirely
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Constant bit verifier, poly(n) randomness

Quadratic-linear test

Test-quadπ1,π2

Oracles π1 ∈ F2n
2 and π2 ∈ F2n×n

2

1. x , y ∈R Fn
2

2. Output π1(x)π1(y)
?
= π2(x ⊗ y)

Proposition

▶ Perfect completeness when there exists z ∈ Fn
2 s.t. π1 = Hn(z) and π2 = Hn×n(z)

▶ If

P(Test-quadπ1,π2 accepts) ≥ 3

4

▶ then there exists z ∈ F n
2 such that

π1 = Hn(z) and π2 = Hn×n(z)
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Constant bit verifier, poly(n) randomness

Quadratic-linear test with self correction

Test-quadπ1,π2

Oracles π1 ∈ F2n
2 and π2 ∈ F2n×n

2

1. x , y ∈R Fn
2

2. v = Self-corrπ2(x ⊗ y) (self-correction)

3. Output π1(x)π1(y)
?
= v

Proposition

▶ Suppose there exists z1 and z2 such that

∆(Hn(z1), π1) ≤ δ and ∆(Hn×n(z2), π2) ≤ δ

and that

P(Test-quadc1,c2 accepts) ≥ 3

4
+ 4δ

▶ then z1 = z2 February 12, 2026 19 / 47



Constant bit verifier, poly(n) randomness

Consistency of π1 with the oracles O1, . . . ,Om

▶ Witness view: z = (z1, . . . , zk , z) ∈ Fn
2 → F2 and z i ∈ Fm

2 → F2

then

Proj(z , i) = z i , i = 1, . . . , k

▶ Oracle view π1 : F2n
2 → F2 and O1, . . . ,Ok : F2m

2 → F2

then
Proj(π1, i) = Oi , i = 1, . . . , k

Consistency

Given O1, . . . ,Ok and π1
Does there exists z = (z1, . . . , zk , z) ∈ Fn

2 → F2 such that

π1 = Hn(z)
Oi = Hm(z i ), i = 1 . . . k
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Constant bit verifier, poly(n) randomness

Test-projπ1,Oi (i)

Input i

Oracles π1 : Fn
2 → F2, Oi : Fm

2 → F2

1. xi ∈R Fm
2

2. x i = (0 . . . 0, xi , 0 . . . 0) ∈ Fn
2

3. v = Self-corrπ1(x i )

4. Output v
?
= Oi (xi )

Proposition

▶ If (∆(π1, g1) ≤ δ with g1 ∈ Hn) and (∆(Oi , gi ) ≤ δ with gi ∈ Hm)

and

P(Test-projπ1,Oi (i) accepts) ≥ 1

2
+ 3δ

▶ then Proj(g1, i) = gi
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Constant bit verifier, poly(n) randomness

Circuit algebraization
▶ |C | = n, C has k ×m inputs
▶ To gate j with input gates j1 and j2 define Pj ∈ F2[Z1, . . . ,Zn]

▶ for a + gate
Pj = Zj − (Zj1 + Zj2)

▶ for a × gate
Pj = Zj − (Zj1 × Zj2)

▶ for the output gate
Pj = 1− Zj

C accepts on inputs x1, . . . , xkm if there exists

z = (z0, . . . , zkm−1, zkm, . . . , zn−1)F
n
2

such that

zj = xj , j = 0, . . . , km − 1

Pj(z) = 0, j = km, . . . , n − 1
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Constant bit verifier, poly(n) randomness

Circuit test

Näıve test
Accepts if π2(Pi ) = 0 for i = k , . . . , n − 1

Test-circuitπ2((Pi)i)

Input: Pi , i = km, . . . , n − 1

Oracle: π2 ∈ F2n×n

2

1. ri ∈R F2, i = km, . . . , n − 1

2. P =
∑

riPi

3. Accepts if Self-corr(π2,P) = 0
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Constant bit verifier, poly(n) randomness

Numbers
1. If all Test-lin pass with proba 1− δ0

then everyone is δ = 2δ0-close to the code of its concern Hm, Hn, Hn×n

2. Then Test-quad has soundness 3
4 + 4δ

3. Then Test-proj has soundness 1
2 + 3δ

Proposition

▶ If 1. 2. and 3. above pass with high enough proba
and

P(Test-circuit accepts) ≥ 1

2
+ 4δ

then π1 = Hn((z1, . . . , zk , z)) where z i = Enc−1(Oi ), i = 1 . . . , k are such that

C (z1, . . . , zk) = 1

Use δ0 which minimizes s(δ0) = max(1− δ0,
3
4 + 8δ0,

1
2 + 6δ0)
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Constant bit verifier, poly(n) randomness

Verifier V O1,...,Ok ,π1,π2

2 (C )
1. 6k + 12 queries

Oi ’s π1 π2
Test-lin 3k 3 3
Test-proj k 2k
Test-quad 2 2
Test-circuit 2

2. randomness 3km + n(k + 5) + 4n2

Oi ’s π1 π2 aux.
Test-lin k · 2m 2n 2n2

Test-proj k ·m k · n
Test-quad 2n n2

Test-circuit n2 n

3. circuit size 26k+12

4. answer size 1
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Non constant bit verifier, log(n) randomness
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Non constant bit verifier, log(n) randomness

3SAT

▶ A 3CNF is conjunction of clauses

▶ each clause is a disjunction of three litterals

(A ∨ ¬B ∨ ¬C ) ∧ (¬D ∨ E ∨ F )

(A ∨ B) ∧ (C )(A ∨ B) ∧ (C )

3SAT
▶ Input: a 3CNF formula ϕ

▶ Question: does ϕ has a satisfying assignement

3SAT is NP-complete.
We note n = |ϕ| the number of variables in ϕ
(which we take as the number of clauses)
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Non constant bit verifier, log(n) randomness

Arora-Safra framework (I)

▶ an assignement is a map [n] ↪→ {0, 1}
Write n = hm for some h and m

▶ an assignement is a map [h]m ↪→ {0, 1}
Consider H ⊂ Fq, with |H| = h

▶ an assignement is a map Hm ↪→ {0, 1} ⊂ {0, 1}

([n] → {0, 1}) ↪→ ([h]m → {0, 1}) ↪→ (Hm → {0, 1})
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Non constant bit verifier, log(n) randomness

Arora-Safra framework (II)

(Hm → {0, 1}) ↪→
m⊗
i=1

RS[Fq, h]

▶ Let Cm be

Cm =
m⊗
i=1

RS[Fq, h]

Cm is a [qm, |H|m]q code
▶ Hm is an information set of Cm

▶ To an assignement Hm → {0, 1} associate

A = A(X1, . . . ,Xm) ∈ F1[X1, . . . ,Xm]h−1

and a codeword
cA = (A(P))P∈Fm

q
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Non constant bit verifier, log(n) randomness

Verifier V π1,π2
1 (ϕ)

Input
ϕ has n clauses and n variables

Oracles
π1 : Fm

q → Fq a codeword cA ∈
⊗m

i=1 RS[Fq, h]
π2 : [m]× Fm−1

q → Fq[Z ]h (auxiliary oracle π2)

1. Test-degreeπ1,π2

2. Test-assignπ1(ϕ)
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Non constant bit verifier, log(n) randomness

Test-degreeπ1,π2()

Test-degreeπ1,π2()

Input
ϕ has n clauses and n variables

Oracles
π1 : Fm

q → Fq a codeword cA ∈
⊗m

i=1 RS[Fq, h]
π2 : [m]× Fm−1

q → Fq[Z ]h (auxiliary fancy oracle π2)

Completeness situation

π1 = cA is a codeword with an associated polynomial A ∈ F[X1, . . . ,Xm]h
π2(i , (a1, . . . , âi , . . . , am−1) = A(a1, . . . ,Z , . . . , am)

1. Do
4

δ
consistency checks between π1 and π2

2. Do
8m

δ
consistency checks of π2 with itself
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Non constant bit verifier, log(n) randomness

Arithmetization of formula ϕ
▶ Function χ1 : H

m × Hm → {0, 1}
χ1(i , j) = 1 if and only if Vj appears as first litteral in the i-th clause

▶ Function ι1 : H
m → {0, 1}

ιi (i) = 1 if and only if the first litteral is not negated in the i-th clause

▶ Similar functions χ2, ι2 and χ3, ι3 for the second and third litteral

Proposition

To polynomial A ∈ Fq[X1, . . . ,Xm] associate

A(V1) = A(V11, . . . ,V1m), A(V2) = A(V21, . . . ,V3m), A(V3) = A(V31, . . . ,V3m)

Then A is a valid assignement polynomial at clause i if and only

0 = (χ1(i , j)(ι1(i))− A(V1)))

× (χ2(i , j)(ι2(i))− A(V2))) × (χ3(i , j)(ι3(i))− A(V3)))
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Non constant bit verifier, log(n) randomness

Polynomial view
▶ To the function χ1, χ2, χ3 ∈ Hm × Hm → {0, 1} associate polynomials

Pχ1 ∈ Fq[C1, . . . ,Cm,V1]

Pχ2 ∈ Fq[C1, . . . ,Cm,V2]

Pχ3 ∈ Fq[C1, . . . ,Cm,V3]

and to ι1, ι2, ι3 ∈ ×Hm → {0, 1} associate

Pι1 ∈ Fq[C1, . . . ,Cm], Pι2 ∈ Fq[C1, . . . ,Cm], Pι3 ∈ Fq[C1, . . . ,Cm]

▶ A is valid assignment polynomial if the polynomial BIGPOL

Pχ1(C ,V1)(Pι1(C )−A(V1))×Pχ2(C ,V2)(Pι2(C )−A(V2))×Pχ3(C ,V3)(Pι3(C ))−A(V3))

vanishes at Hm × Hm × Hm × Hm
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Non constant bit verifier, log(n) randomness

Test-assignπ1(ϕ)

Input
ϕ has n clauses and n variables

Oracles
π1 : Fm

q → Fq a codeword cA ∈
⊗m

i=1 RS[Fq, h]

1. Build Pχ1,Pχ2 ,Pχ3 and Pι1 ,Pι2 ,Pι3

=⇒ Virtual oracle access to BIGPOL from

2. Sum-checkBIGPOL (Reduces “vanishes at all Hm to a test at a single point ∈ Fm
q )
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Non constant bit verifier, log(n) randomness

Parameters juggling

▶ Query

1. Test-degree has Oδ(m) queries
2. Sum-check has 4m + 3 queries

▶ Randomness

1. Test-degree has randomness Oδ(m
2 log q)

2. Sum-check has randomness 4m log q

Choosing h and m:

▶ With |ϕ| = n = hm, and q = poly(h) = hκ, κ > 1:

▶ log n = m log h and log q = κ log h

=⇒ log q = O(κ) log n

▶ m = log n/logh = O(log n)

V1 has randomness O(log n3) and query complexity O(log n)
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A third verifier
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A third verifier

More parameters of a verifier of type V1

A (r1(n), q1(n), c1(n), a1(n))-verifier is a PPT V π1(x) such that:

1. uses r1(n) random bits: r ∈R {0, 1}r1(n)

2. computes a circuit C1(x , r) of size c1(n)

3. computes queries li = li (x , r), i ∈ [q1(n)]

4. gets π1(l1), . . . , π1(lq) ∈ Fa1(n)
2

5. accepts if C1(π(l1), . . . , π1(lq)) = 1

Proposition

RPCP(r1(n), q1(n), c1(n), a1(n)) ⊂ PCP(r1(n), q1(n)a1(n))

V1 is a

r1(n) = log3(n), q1(n) = O(log n), c1(n) = O(log2 n), a1(n) = O(log2 n)

verifier
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A third verifier

More parameters of a verifier of type V1

A (r1(n), q1(n), c1(n), a1(n))-verifier is a PPT V π1(x) such that:

1. uses r1(n) random bits: r ∈R {0, 1}r1(n)

2. computes a circuit C1(x , r) of size c1(n)

3. computes queries li = li (x , r), i ∈ [q1(n)]

4. gets π1(l1), . . . , π1(lq) ∈ Fa1(n)
2

5. accepts if C1(π(l1), . . . , π1(lq)) = 1

Proposition (Arora-Safra 98)

RPCP(r1(n), q1(n), c1(n), a1(n)) ⊂ PCP(r1(n), q1(n)a1(n))

V1 is a

r1(n) = O(log(n)), q1(n) = O(loge1 n), c1(n) = O(loge1 n), a1(n) = O(log2 n)

verifier
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A third verifier

More parameters of CKT-SAT Verifier
A (k, r(n), q(n), c(n), a(n)) CKT-SAT verifier (V ,Enc,Enc−1)
inputs a circuit C with km entries
queries oracles O1, . . . ,Ok , π

1. generates r(n) random bits

2. builds a circuit C0 of size c(n)

3. generates queries l1, . . . , lq, where q = q(n)

4. receives answers a1, . . . , aq ∈ {0, 1}a(n)

5. accepts if C0(a1, . . . , aq) = 1

Definition (Soundness s)

If for some O1, . . . ,Ok , π
P(V 1O1,...,Ok ,π(C ) = 1) ≥ s

then Enc−1(O1), . . . ,Enc
−1(Ok) is a satisying assignment to C

February 12, 2026 39 / 47



A third verifier

Verifier V O1,...,Ok ,π1,π2

2 (C ) is an CKT-SAT verifier

Input
C has size n, with C has km inputs

Oracles
O1, . . . ,Ok : Fm

2 → F2 (input oracles Oi = Hm(w i ) ∈ F2m
2 )

π1 : Fn
2 → F2 (0iliary oracle π1 = Hn(zw ) ∈ F2n

2 )

π2 : Fn×n
2 → F2 (auxiliary oracle π2 = Hn×n(zw ) ∈ F2n×n

2 )

V2 with (Hm,Hn,Hn×n) is a

r(n) = 4n2, q(n) = 6k + 12, c(n) = 26k+12, a(n) = 1

CKT-SAT verifier
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A third verifier

Two verifiers

V π1
1 (x) a verifier

1. r1(n)

2. q1(n)

3. c1(n)

4. a1(n)

VO1,...,Ok ,π2
2 (C ) an CKT-SAT verifier

Circuit C has km inputs

1. r2(n)

2. q2(n)

3. c2(n)

4. a2(n)
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A third verifier

Two verifiers

V π1
1 (x) a outer verifier

1. r1(n)

2. q1(n)

3. c1(n)

4. a1(n)

VO1,...,Ok ,π2
2 (C ) is a inner verifier

Circuit C has km inputs

1. r2(n)

2. q2(n)

3. c2(n)

4. a2(n)
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A third verifier

Two verifiers

V π1
1 (x) a outer verifier

1. r1(n)

2. q1(n)

3. c1(n) size of circuit C1 with q1(n) inputs

4. a1(n) size of the inputs of C1

V
O1,...,Oq1(n)

,π2

2 (C1) is a inner verifier

Circuit C1 has q1(n)× a1(n) inputs

1. r2(c1(n))

2. q2(c1(n))

3. c2(c1(n))

4. a2(c1(n))
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A third verifier

Composed oracle for input x ∈ L
There exists π1 s.t. V π1

1 (x) accepts. For each r1 ∈ {0, 1}r1(n):
1. generate V1 queries: i1(r1), . . . , iq1(r1)

2. get entries from π1: a1(r1), . . . , aq1(r1) ∈ Fa1(n)
2

3. build circuit C1(r1)
4. determine oracles for V2:

▶ encode: c1(r1) = Enc(a1(r1)), . . . , cq1(r1) = Enc(aq1(r1))
▶ determine π2(r1) such that

V
c1(r1),...,cq1 (r1),π2(r1)
2 (C1(r1)) accepts

Composed proof is π′(π′
1, π

′
2) with π′

1 = π1 and

π′
2 = (c1(r1), . . . , cq1(r1), π2(r1))r1∈{0,1}r1(n)

Composed verifier V π′
(x) has parameters

r(n) = r1(n) + r2(c1(n)), q(n) = q2(c1(n)), c(n) = c2(c1(n)), a(n) = a2(c1(n))
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Conclusion

A code is a code is a code

PCP: probabilistically checkable proof

Constant bit verifier, poly(n) randomness

Non constant bit verifier, log(n) randomness

A third verifier

Conclusion
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Conclusion

Towards crypto,introduce a Prover, who maybe dishonnest

Kilian 92

1. Prover instantiates the oracle π with commitments
For |π| = N, then the root of Merkle of all πi , i ∈ [N] is published by the Prover

2. Verifier invokes V π(x)

3. Verifier gGenerates randomness r

4. Verifier asks for “opening” π at indices i1, . . . , iq

5. Prover reveals π1 . . . , πq together with their Merkle proof

6. Verifer executes circuit C (r) on inputs π1 . . . , πq

Security holds only on collision resistance

Micali 95
Non interactive proof (argument) using a Fiat-Shamir like transformation

Very subtle (Building Cryptographic Proofs from Hash Functions. Chiesa and Yogev, 440 p.)
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Conclusion

2025, 2026

▶ Proving the PCP Theorem with 1.5 proof compositions (or yet another PCP
construction), Oded Golreich, ECCC 2026

▶ Ideals, Gröbner Bases, and PCPs, Madhu Sudan, ECCC2025

PCP not efficient in practice =⇒ Interactive Oracle Proofs (IOPs)
Polynomial commitments seems a good abstraction
Sumcheck seems to be very relevant (next lecture, along with another arithmetization and
Spartan)
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